ABSTRACT. This paper presents equations for predicting future basal area, number of trees, and total cubicfoot volume of aspen stands in Minnesota. The modeling methodology uses a fully-stocked yieM table for quaking aspen as a density standard. A relative density change equation based on observed growth from permanent plots provides the basis for predicting the future relative density and therefore the future basal area, number of trees, and volume. The equations are easy to apply and require only site index, age, and beginning basal area, number of trees, and volume. North. J. Appl. For. 10(1):20-27.
Proposed Models of Quaking Aspen Stand Properties
The mathematical modeling method reported here is discussed in detail elsewhere (Leary and Smith 1990, Leary 1991) . Briefly, this method combines the knowledge of quaking aspen stand property dynamics included in a classical yield table (printed in Brown and Gevorkiantz 1934) with information about current stand dynamics obtained from permanent growth plot remeasurement information. The yield table provides a density standard, and the growth plots capture the manner in which aspen stands approach the standard (providing data for relative density change equations). Some quaking aspen stand conditions observed by Brown and Gevorkiantz no longer exist in northern Minnesota, hence yield table information supplements stand dynamics information available from permanent growth plot remeasurements.
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Density Standard Models
Density standards for total cubic-foot stem volume, basal area, and number of trees, for site index (values >50) and age cells were taken from Brown and Gevorkiantz (1934) . The equations given below represent the relations expressed in thetr quaking aspen Table 154 (temporary plots used in developtng   the table are 
where s is site index (height in ft at base age 50), age is mean tree age, VBG is total ft 3 vol/ac in trees 1 in. dbh and larger, BBG is total basal area (ba)/ac in trees 1 in. dbh and larger, and T•a is number of trees/ac 1 in. dbh and larger.
Statistics summarizing the calibration of these equations using nonlinear regression are listed in Table 1 .
Real Growth Series to Calibrate Relative Density Change Equations
Remeasured permanent growthplots are required to calibrate relative density change equations. Two North Central Forest Experiment Station research studies, NC-96 and NC-52, sup- The study is still active. North-Central Minnesota Study Plots.---Additional data were obtained from a variety of studies established in northcentral Minnesota (Table 3 ). The first study listed evaluated the effect of prescribed burning on a clearcut aspen stand. All other studies examined the effect of thinning. When available, we included control plots receiving no treatment as well as the thinned plots.
Chippewa NFplots. Forest inventory plots located throughout the Chippewa National Forest were analyzed looking for plots with 50% or more quaking aspen (by basal area) which had no partial cutting during the measurement period 1970 to 1980. We found 13 plots that met the criteria. Each plot is a standard FIA design: 10 points, each point sampled with a 37.5 factor prism for trees 5 in. dbh and larger. Three 1/300-ac plots were sampled for trees smaller than 5 in. dbh. Per acre estimates of basal area and number of trees were obtained for each plot using standard FIA data analysis procedures.
Because data came from several sources, there was not a consistent method of calculating total cubic-foot volume per tree. To use a consistent method for each data source, we calculated total cubic-foot volume per acre for the plot using NJAF 10(1) 1993 21 Equation ( Future indivMual stand properties of special interest were: mean annual property change by 5 yr increments, the maximum mean annual property change value, and the age at which mean annual property change is a maximum. Thus, our tests related primarily to the first column of the modified Bakuzis matrix (Leary 1988) . Our equations estimate 5 yr change. In tests described below we used the equations as they would be applied in practice. For example, ifa plot remeasurement interval was 9 yr, the equations were iterated twice, but only 4/5 of the last increment used.
Accuracy Tests
To test models for volume, basal area, and number of trees we:
1. divided the initial and final stand property for the 119 remeasurement intervals by appropriate values from the density standard to obtain initial and final observed relative density, 2. predicted relative density change for the measurement interval, 3. added predicted relative density change to initial relative density to obtain final predicted relative density, and 4. multiplied final predicted relative density by the standard to estimate final predicted stand property. In most cases, the measurement interval was 5 yr. Results are given in Table 5 . The models for volume, basal area, and number of trees produce unbiased estimates of relative density change and standing crop (because each 95 % confidence interval about the bias contains zero). As is usual, percentage errors are larger for growth (relative density change) than yield (standing crop).
Deduction Tests
Our deduction test for volume was simply to select sets of initial conditions, make projections for a number of 5 yr periods, and calculate mean annual volume increment at each period until MAI reached a maximum and started to decrease. We are particularly interested in the age at which MAI peaked, the value of MAI at that age, and how close the projections came to the 80,80,80 (80 cords/ac on site index 80 at age 80) condition reported in Brown and Gevorkiantz (1934). , basal area, and number of trees (dbh > 1 in.) . The confidence interval is for a two-sided probability of 0.05. (4) and (5)], and determined the age at which it is a maximum and MAI at maximum (Table 7) . Ages of maximum mean annual increment are very similar to those obtained from projected volume for stands fully stocked at age 10. When initial density is lower, the basal area equation predicts an earlier peak than shown in Table  6 (Table 8) .
Stand Property Interrelations
The -3/2 Power Law of Self-Thinning. The -3/2 power law of self-thinning asserts that tree frequency and volume per tree are closely linked in evenaged monocultures as follows: volume / tree = k o (number of trees) k•
where kl is approximately -3/2. Because quaking aspen often grows in evenaged monocultures, one might expect that it behaves according to Equation (9). Indeed, Perala and Cieszewski (in review) showed quaking aspen stands do self-thin according to the -3/2 rule. In our test we used reasonable initial conditions, applied the relative density change equations for volume, Equation (6), and number of trees per acre, Equation (9), to estimate change in each property, and checked if the resulting trajectory gives evidence of self-throning. Because actual stands obey the rule, our models should produce it. If the combined use of the models [Equations (6) (Gingrich 1967 , Benzie 1977 , Roach 1977 . We conclude that the model produces reasonable shapes for the trajectories in the stocking guide framework, but the maximum basal areas attained may be low. Although not shown in Figure 3 , regeneration of only, say, 400 trees/ac at age 10, will give an increase in number of trees to about 450 from age 10 to 15, but then a monotonic decrease in number of trees.
Implementation
For each stand property, the equations for the density standard and relative density change operate as a linked pair--a different density standaid would require a different equation for relative density change. To apply our equations requires temporary inventory plot measurements of age, site index, and any one, or all three, stand properties (total cubic-foot volume, basal area, and number of trees) for trees 1 in. dbh and larger. The current relative density is the ratio of the value of the current stand property to the value of the density standard [Equations (1), (2), or (3)] with the same age and site index. Calculate relative density change [Equations (6), (7), or (8)] and add it to the current relative density to predict a new relative density. The product of the new relative density and the density standard [Equations (1), (2), or (3) using the original age + 5] is the predicted stand property. The procedure is repeated for additional 5-yr increments. When the interval is less than 5 yr, proportionately reduce the calculated relative density change.
For example, Table 9 shows, first in spreadsheet notation and then with numeric values, the prediction of number of trees at age 35 starting from a 28-yr-old, site index 78 aspen stand with 1000 trees/ac. The predicted number of trees is 697 trees/ac.
Discussion and Conclusions
Quaking aspen occurs in mixed stands with a number of other species. While most of the permanent growth plots used in calibration and validation had over 90% quaking aspen by basal area, the range extended to as little as 50%. We plotted residuals from fitting relative density change equations for each stand property against percentage quaking aspen for remeasurement intervals and found no trend. We also plotted residuals in the validation data set against percentage quaking aspen and found no trend. This strongly suggests that the models developed are robust relative to species composition, and may be used in stands having, say, 60% (by basal area) or more quaking aspen.
Based on our analysis of total volume as a function of stand age, the models appear to be overestimating stand volume somewhat (more than 80 cords/ac at age 80 and site index 80 in Table 6 ). Some sources of possible overprediction are: 1. we ignored explicit inclusion of defect in volume computations, 2. our permanent plot remeasurements came from an area of Minnesota having good growing conditions, and 3. study areas were subjectively selected and then given special treatment during the study period. Each possibility is addressed briefly. treatment during the study and should be •ncluded •n the research plot effect; i.e., historical records for NC-52 indicate it was aerially sprayed, along with recreational and administrative sites, during a severe outbreak of forest tent caterpillar in 1952 (letter to the NC-52 study files by M.L Heinselman 1952). The amount of the enhanced growth, sprayed over unsprayed, is not known although significant slowing of quaking aspen height growth is evident for the early 1950s in unpublished stem analysis information collected in the Pike Bay area. When possible sources of overestimation are added--they would seem to be conformable for addition---estimates given by our projection models may approach 25% too high (say 15% for cull and 10% for "research plot effect"). Users should check our models against their own permanent growth plot remeasurement information to calculate their own reduction factors or to calibrate their own relative density change equations. When no permanent growth plots are available, we suggest a 15-25% reduction to give a conservative yield figure. 3. The method of selecting the physical location of studies 96 and 52 is unknown to the authors, and probably subjective. In similar cases, subjective location of scientific studies results in above average site qualities being selected. The use of subjective criteria in locating research study plots, as well as subsequent plot treatment, leads to what Bruce (1977) calls the "research plot effect" bias in growth studies. In at least one study we used, plots received special 
